Abstract. We study subvarieties Y on a general projective hypersur-
Introduction
Let X d ⊂ P n be a general (in the countable Zariski topology) complex projective hypersurface of degree d. The study of the geometry of k-dimensional subvarieties of X d in terms of k, n and d has received a lot of attention in the last 15 years (see [C] , [E1] and [E2] , [X1] and [X2] , [V1] and [V2] , [CLR] , [CL] , [P] , [CR] ). Here we focus our attention on subvarieties Y of X with desingularizations j :Ỹ → Y verifying h 0 (Ỹ , KỸ ⊗ j * O P n (−1)) = 0 (this is for instance the case of any abelian subvariety). Improving previous results by H. Clemens [C] and L. Ein ([E1] and [E2] ), C. Voisin proved in particular in [V1] and [V2] the following Theorem (Voisin) . Let X d ⊂ P n be a general hypersurface of degree d ≥ 2n − k, where k is an integer such that 1 ≤ k ≤ n − 3. Let Y be a kdimensional subvariety of X, andỸ a desingularization. Then the canonical map ofỸ is generically one to one on its image.
The purpose of this article is to prove the following Theorem 1.1. Let X d ⊂ P n be a general complex projective hypersurface of degree d. Let Y ⊂ X d be a k-dimensional subvariety with a desingularization Ỹ j −→Y such that h 0 (Ỹ , KỸ ⊗ j * O P n (−1)) = 0. If the inequalities
and
are satisfied, then Y is contained in the locus covered by the lines of X.
Since the dimension of the locus spanned by the lines on a general hypersurface X d is equal to (2n − 2) − d, an immediate consequence of Theorem 1.1, for n ≥ 6, is Corollary 1.2. Let Y be a subvariety of a general hypersurface X d ⊂ P n , with d ≥ 2n − 2 and n ≥ 6, andỸ → Y a desingularization. Then the canonical map ofỸ is generically one to one onto its image.
In particular, a general hypersurface X d ⊂ P n as in Corollary 1.2 does not contain any abelian subvariety.
The proof of Theorem 1.1 makes use of the powerful methods introduced by C. Voisin in [V1] and [V2] , and applied by the author in [P] , to study the geometry of subvarieties having geometric genus zero on a general hypersurface.
The proof is naturally divided in two parts. First, following an idea that goes back to Voisin [V2] , under some technical numerical hypotheses it is possible to see that through each point of Y there is a line which, if it is not contained in X, intersects set-theoretically X in at most two points. After a preliminary, and weaker 1 , version of this work was finished, H. Clemens sent me a manuscript [Cl] containing the results of his collaboration with Z. Ran. The manuscript [Cl] contains a beautiful generalization of Voisin's methods. This generalization, which is now available under a different form in the preprint [CR] , allows them to study, in greater generality, subvarieties Y of X with desingularizations j :Ỹ → Y verifying h 0 (Ỹ , KỸ ⊗ j * O P n (a)) = 0, for some integer a ≥ 0.
Adapting the arguments contained in the first part of [Cl] to the a = −1 case it is possible to prove 1 The difference between the present work and the previous version of it, that I sent to H. Clemens on April 8, 2002, replying to his letter [Cl] , is that I was able to prove Proposition 1.3 only under a more restrictive hypothesis on d. Proposition 1.3. Let X F ⊂ P n be a general hypersurface, whose degree d verifies (1) and
(This result, under different numerical hypothesis, can now be found in [CR] ).
The second part of the proof of Theorem 1.1 deals with the study of the locus ∆ (r,d−r),F . For this, I use two explicit desingularizations of ∆ (r,d−r),F , introduced in [V2] , whose canonical bundles are easily computable. Then, in both cases, the key point is the construction of a globally generated subbundle contained in the exterior powers of the (twisted) tangent bundle of the family of the desingularizations. This fact, in the spirit of [P] , Proposition B, allows to obtain the following proposition which concludes the proof of Theorem 1.1: [Cl] containing the results of his collaboration with Z. Ran, and kindly encouraged me when I communicated to him the idea of adapting some arguments contained in [Cl] to strengthten my work. Finally, it is a pleasure to acknowledge the great influence of C. Voisin's articles [V1] and [V2] on my work.
The present manuscript, without this introduction, was sent to H. Clemens on April 12, 2002.
Preliminaries
We will follow the notation already used in [P] , which we recall below.
Notation.
X F ⊂ P n the fiber of the family X over F ∈ S d , i.e. the hypersurface defined by F .
Let U → S d be anétale map and Y ⊂ X U a universal, reduced and irreducible subscheme of relative dimension k (in the following, by abuse of notation, we will often omit theétale base change). LetỸ → Y be a desingularization andỸ j −→X U the natural induced map. We may obviously assume Y invariant under some lift of the action of GL(n+1) (recall that g ∈ GL(n+1) acts on the product P n ×S d as follows:
Let π : X → P n be the projection on the first component and T vert
Remark 2.0.1. Let Y be a subvariety of X ⊂ P n × S d of relative dimension k and invariant under the action of GL(n + 1). Then:
−→T P n is surjective and hence
(ii) T vert Y,(y,F ) contains the vertical part of the tangent space to the orbit of the point (y, F ) under the action of GL(n + 1), i.e.
is the Jacobian ideal of F .
Let d be a positive integer. Consider the bundle M d P n defined by the exact sequence
whose fiber at a point x identifies by definition with S d x . From the inclusion X ֒→ P n × S d we get the exact sequence
which combined with (3) gives us
In other words M d
identifies to the vertical part of T X ⊗ O X F with respect to the projection to P n .
Let G := Grass(1, n) be the Grassmannian of lines in P n , O G (1) the line bundle on G giving its Plücker polarization, and E d be the d th -symmetric power of the dual of the tautological subbundle on G. Recall that the fibre of
Let M d G be the vector bundle on G defined as the kernel of the evaluation map:
Notice that the fiber of 
x can be written as follows:
(ii) First, recall that the space of global sectios of
Again, remark that any degree d homogenious polynomial P vanishing along a line ℓ can be written as follows: P = n i=2 L i Q i where the L i 's are linear forms vanishing along ℓ. If L 0 , L 1 are linear forms which are independent after restriction to ℓ, then
whose value at x is proportional to P .
2 The proof given here is due to Laurent Manivel. For another proof see, for instance, [P] .
A first reduction
Let Y F ⊂ X F be a general (k-dimensional) fiber of the subfamily Y ⊂ X U , andỸ F j −→Y F its desingularization. By abuse of notation, we will often write
Recall now the isomorphisims:
Using (i) and (ii), from the natural morphism Ω 1
and hence, after tensoring by
Now taking global sections in (6) and using (4) we have the following commutative diagram
By hypothesis, we have that the composite map in (7) is identically zero. This, by the GL(n + 1)-invariance of Y, implies that T vert Y,(y,F ) is then contained in the base locus of H 0 (∧ c M d The generalization presented in [Cl] of the variational approach introduced by C. Voisin in [V1] and [V2] , and applied by the author in [P] , starts with a sharp algebraic study of the base locus of the bundles ∧ c M d P n (s). This study, together with the analogues of [V2] , lemma 3 and 4, and the use of the GL(n + 1)-invariance of Y, as already done in [P] , is succesfully used in [Cl] to prove the analogue of Proposition 1.3 for subvarieties Y F with desingularizations j :Ỹ F → Y F verifying h 0 (Ỹ , KỸ ⊗ j * O P n (a)) = 0, for some integer a ≥ 0. These arguments can be easily adapted to the a = −1 case, and allows to prove Proposition 1.3 (the reader can see [CR] , Lemma 6.3, for a proof of a similar result under different numerical hypothesis).
We are then led to study the locus ∆ (r,d−r),F . This will be done in the last section.
4 The bicontact locus ∆ (r,d−r),F Let X F ⊂ P n be a general hypersurface of degree d verifying (1), and Y F ⊂ X F a k-dimensional subvariety whose desingularizationỸ is such that h 0 (Ỹ , KỸ (−1)) = 0. Then, by Proposition 1.3, we know that Y F is contained in ∆ (r,d−r),F ⊂ X F , the (2n − d)-dimensional subvariety of points x of X F through which there is an osculating line ℓ intersecting X F at most at another point, i.e. ℓ ∩ X F = r·x + (d − r)·x ′ , x ′ ∈ X F . To prove our theorem, we study two explicit desingularizations of ∆ (r,d−r),F , which has been used in [V2] , that are both given in terms of the zero locus of a section of a vector bundle. Thus one can compute, by adjunction, the canonical bundle of such a desingularization. Then, again, we adopt a variational approach and construct, in both cases, a subbundle contained in the exterior powers of the (twisted) tangent bundle to the family of the desingularizations. A positivity result, namely the global generation of this subbundle, allows us to conclude the proof.
Case 1: r ≥ 2 and d − r ≥ 2. Let G := Gr(1, n) be the Grassmannian of lines in P n . Let O G (1) be the line bundle on G which gives the Plücker embedding. Let Z be the blow-up along the diagonal ∆ of the product P n × P n with projections:
Consider the map f : Z → Gr(1, n),
z → ℓ z where ℓ z is the line determined by z. Letp i := b • p i , for i = 1, 2, and consider the line bundles on Z defined as follows:
The variety Z comes together with a projective bundle: P π −→Z, and we define
whose fibre at z ∈ Z is given by the one dimensional space of polynomials P ∈ H 0 (ℓ z , O ℓz (d)) vanishing at x to the order r and at y to the order d − r, where (x, y) = b(z) ∈ P n × P n . Define F r,d−r := E d /L r,d−r . To any polynomial F ∈ S d we can associate a section σ F ∈ H 0 (Z, E d ), whose value at a point z is exactly the polynomial F |ℓz ∈ E d|z , and we will denote bȳ σ F its image in H 0 (Z, F r,d−r ). Then we define∆ (r,d−r),F := V (σ F ). By construction, we havep 1 (∆ (r,d−r),F ) = ∆ (r,d−r),F . Since F r,d−r is generated by its global sections, the variety∆ (r,d−r),F is smooth and of the right dimension. Moreover, since in the degree considered through a generic point of ∆ (r,d−r),F there is just one r-osculating line, the mapp 1 is a desingularization of ∆ (r,d−r),F . We will now recall how to compute the canonical bundle of∆ (r,d−r),F . As remarked in [V2] , the Picard group of Z is generated by H 1 , H 2 and L, the canonical class of Z is
the class of L (r,d−r),F is given by rH 1 + (d − r)H 2 . Therefore, by adjunction, we have
Consider now the bundles N r,d−r Z and M d Z on Z respectively defined by the two following exact sequences :
By definition we have
The needed positivity result is the following Lemma 4.1. If r ≥ 3, d − r ≥ 2 and
then the bundle
Hence, by lemma 2.1, (ii), the bundle
is globally generated under our numerical hypothesis, and the same holds for its restriction to∆ 
Recall the isomorphisms
and consider the natural map
If we twist (16) by −H 1 , then, by assumption, the induced map in cohomology
is zero. Let T vert
be the sheaf defined by
Its restriction to∆ (r,d−r),F coincides with N
. Therefore, by (12) and lemma 4.1, we have constructed a sub-bundle
which is generated by its global sections, under the numerical hypothesis of the lemma 4.1. We conclude the case 1 with the following 
Indeed, if not, we would have
Then consider the following, well defined, commutative diagram:
(ev is the evaluation of the sections at the point z, and < ·, W > is the contraction defined by the subspace W ). Since W belongs to the base locus of H 0 (∧ c T∆ |∆ F ⊗ K∆ F (−H 1 )), then the composite map < ·, W > • ev is zero, and so would be < ·,W > • ev. But this is absurd, because, by Lemma 4.1, the bundle
is generated by its global sections. Let then Y ⊂∆ be a subvariety, which is stable under the action of GL(n + 1) and of relative codimension c. Assume moreover that the restriction map (17) is zero. By (18)
On the other hand, by Remark 2.0.1, (ii), T vert Y,(z,F ) contains F itself. So by (20) we have that F |ℓz = 0 for every point z ∈ Y F , i.e. Y F is contained in the subvariety covered by the lines contained in X F .
If r = 2, we can consider the natural isomorphism
sending a point z ∈∆ (r,d−r),F , with b(z) = (x, x ′ ), to a point w ∈∆ (d−r,r),F with b(w) = (x ′ , x), where x and x ′ are points on X F linked by the condition
Since r = 2 implies d − r ≥ 3, from what we have done before it follows that the conclusion is true for∆ (d−r,r),F , and so, by (21), the same holds for ∆ (r,d−r),F .
Case 2: r = 1 or d − r = 1. Suppose for instance d − r = 1. Let Γ ⊂ P n × Gr(1, n) be the incidence variety, and p and q the projections on the two factors. Let π : P → Γ be the pull-back of the universal P 1 -bundle over Gr(1, n) and τ the natural section of π. Consider the bundle E d := π * O P (d) over Γ, and its rank 2 subbbundle K ⊂ E d such that its fiber at a point (x, ℓ) is given by the polynomials
As before, since the bundle F d is generated by the sections σ F , we have that V (σ F ) is smooth of the right dimension, for general F , and it is easy to verify that p :
Then we define∆ (d−1,1),F := V (σ F ). As in [V2] one can compute, using the adjunction formula, the canonical bundle of∆ (d−1,1),F as the restriction tõ ∆ (d−1,1),F of the following line bundle:
Consider the bundles N d Γ and M d Γ on Γ respectively defined by the two following exact sequences :
The positivity result we will need this time is the following Lemma 4.3. If
then the bundle ∧ c M d
(−H) is generated by its global sections.
Proof. Use (22) 
that we can construct thanks to (25), is obviously zero. The last step will be the proof of the following Proof. Recall that F ∈ T vert Y |(x,ℓ,F ) . We claim that
Γ|(x,ℓ) .
Indeed if F ∈ K |(x,ℓ) , then we have the surjection
(This follows from the fact that if F ∈ K |(x,ℓ) then
plus Remark 2.0.1, (ii)). Then, by (28), we have that
As in Proposition 4.2, we can now use the commutative diagram The numerical condition (26), which for c = n − 1 − k becomes
implies (13). Thus, combining the two propositions 4.2 and 4.4, the proof of our main theorem is completed. 2
